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Abstract. We address Nash problem for surface singularities using wedges. 
We give a refinement of the characterisation in 1291 of the image of the Nash 
map in terms of wedges. Our improvement consists in a characterisation of the 
bijectivity of the Nash mapping using wedges defined over the base field, which 
are convergent if the base field is C, and whose generic arc has transverse lifting 
to the exceptional divisor. This improves the results of M. Lejeune-Jalabert 
and A. Reguera I16| for the surface case. In the way to do this we find a 
reformulation of Nash problem in terms of branched covers of normal surface 
singularities. As a corollary of this reformulation we prove that the image of 
the Nash mapping is characterised by the combinatorics of a resolution of the 
singularity, or, what is the same, by the topology of the abstract link of the 
singularity in the complex analytic case. Using these results we prove several 
reductions of the Nash problem, the most notable being that, if Nash problem 
is true for singularities having rational homology sphere links, then it is true 
in general. 



Nash problem [2^ was formulated in the sixties (but published later) in the at- 
tempt to understand the relation between the structure of resolution of singularities 
of an algebraic variety X over a field of characteristic and the space of arcs (germs 
of algebroid curves) in the variety. He proved that the space of arcs centred at the 
singular locus (endowed with a infinite-dimensional algebraic variety structure) has 
finitely many irreducible components, and proposed to study the relation of these 
components with the essential irreducible components of the exceptional set a res- 
olution of singularities. An irreducible component E of the exceptional divisor of 
a resolution of singularities 



the birational transform of E to X' is an irreducible component of the exceptional 
divisor. Nash defined a mapping from the set of irreducible components of the 
space of arcs centred at the singular locus to the set of essential components of a 
resolution as follows: he assigns to each component Z of the space of arcs centred 
at the singular locus the unique component of the exceptional divisor which meets 
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the lifting of a generic arc of Z to the resolution. Nash established the injectivity 
of this mapping and asked whether it is bijective. He viewed as a plausible fact 
that Nash mapping is bijective in the surface case, and also proposed to study the 
higher dimensional case. 

Nash gave an affirmative answer to his problem in the case of Afc-singularities. 
Since then, there has been much progress showing an affirmative answer to the 
problem for many classes of singularities: toric singularities of arbitrary dimen- 
sion, quasi-ordinary singularities, certain infinite families of non-normal threefolds, 
minimal surface singularities, sandwiched surface singularities, quotient surface sin- 
gularities, and other classes of surface singularities defined in terms of the com- 
binatorics of the minimal resolution (see [5] . pi] . . pi] . . . [22 ] . p3 ] . [24 ] . [27] . 
[25] , [26] , [30] , [31] ) . However, Ishii and KoUar showed in [IT] a 4-dimensional exam- 
ple with non-bijective Nash mapping. Now the general problem has turned into 
characterising the class of singularities with bijective Nash mapping. Besides Nash 
problem, the study of arc spaces is interesting because it lays the foundations for 
motivic integration and because the study of its geometric properties reveals prop- 
erties of the underlying varieties (see papers of Denef, Loeser, de Fernex, Ein, Ishii, 
Lazarsfeld, Mustafa, Yasuda and others). 

Nash problem seems different in nature in the surface case than in the higher 
dimensional case, since birational geometry in dimension 2 is much easier than in 
higher dimension. For example the essential components are the irreducible compo- 
nents of the exceptional divisor of a minimal resolution of singularities. Although 
Nash problem in known for many classes of surfaces it is not yet known in general 
for the surface case. Even for the case of the rational double points E'g, E't and 
the proof has been obtained only very recently: see [17] for the case and [22 
for the quotient surface singularities, which includes the rational double points and 
uses essentially the developments of this paper. From now on we shall concentrate 
in the surface case, we let (X, O) be a normal surface singularity defined over a field 
of characteristic 0, and X^o denotes the space of arcs through the singular point. 

Let us explain the approach to Nash problem based on wedges, due to M. 
Lejeune-Jalabert [T^. Let E^ be an essential component of a surface singular- 
ity (X, O). Denote by Ne^, the set of arcs whose lifting meets E^- The space of 
arcs centred at the singular point splits as the union of the Ne^^s. It is known 
(Remark 2.3 of [29 ) that £'„ is not in the image of the Nash map if and only if Ne^ 
is in the Zariski closure of Ne^ for a different essential component E^- If Curve 
Selection Lemma were true in X^c then, for any arc 

7 : Spec{K[[t]]) -> {X,0) 

in Ne^ there should exists a curve in with special point 7 and generic point an 
arc on Ne^ ■ To give a curve in X^o amounts to give a morphism 

a : Spec{K[[t,s]]) ^ {X,0) 

mapping V{t) to O (we see it as a "family of arcs parametrised by s"). Such a 
morphism is called a wedge. The lifting to X of a generic arc in Ne^ is transverse 
to Ey , and if a wedge a has special arc equal to 7 and generic arc in Ne^ it is clear 
that the rational lifting 

n-^oa : ]K[[t,s]]) -J> X 
has an indetermination point at the origin, and hence there is no morphism lifting 
a to X. In [15], M. Lejeune-Jalabert proposes to attack Nash problem by study 
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ing the problem of lifting wedges whose special arc is a transverse arc through an 
essential component of {X, O). 

Since Curve Selection Lemma in not known to hold in the space of arcs A. 
Reguera [29] introduced wedges, which are wedges 

a : Spec{K[[t,s]]) ^ {X,0) 

defined over a field extension if of IK and proved the following characterisation: an 
essential component is in the image of the Nash map if and only if any wedge 
whose special arc is the generic point of Ne^ and whose generic arc is centered at 
the singular point O oi X, admits a lifting to the resolution. However the field of 
definition K of the involved wedges has infinite transcendence degree over K and, 
hence, it is not easy to work with them. Building on this result, A. Reguera 
and M. Lejeune-Jalabert (Proposition 2.9, [16 ) proved a sufficient condition for a 
divisor Ev to be in the image of the Nash map based on wedges defined over the 
base field: it is enough to check that any K-wedge whose special arc is transverse 
to Ei arc through a very dense collection of closed points of Ei lifts to X (a very 
dense set is a set which intersects any countable intersection of dense open subsets). 
The results of f29| and [16] hold in any dimension. 

We say that a component Eu of the exceptional divisor is adjacent to E^ if Ne^. 
is contained in the Zariski closure of Ne^ ■ The first main result of this article is a 
characterisation of all the possible adjacencies between essential components of the 
exceptional divisor of a resolution in terms of wedges defined over the base field. We 
are even able to show that the generic arc of the wedge satisfies certain genericity 
conditions. For example we can show that the generic arc is transverse to i?„. 

We denote by Ag^ the set of arcs in Ne^ whose lifting is not transverse to Eu 
through a non-singular point of E. We prove (see Theorem [21] for a more precise 
version); 

Theorem A. Let [X, O) he a normal surface singularity defined over an un- 
countable algebraically closed field K of characteristic 0. Let E^, Ey be different 
essential irreducible components of the exceptional divisor E of a resolution. We 
consider E with its reduced structure. Let Z be a proper Zariski closed subset of 
Ne^ . Equivalent are: 

(1) the component Eu is adjacent to Ey . 

(2) There exists a IK-wedge whose special arc has transverse lifting to Ey at a 
non-singular point of E and with generic arc belonging to Ne^ • 

(3) There exists a IK-wedge whose special arc has transverse lifting to Ey at a 
non-singular point of E and with generic arc belonging to Ne^ \ Z. 

If the base field is C the following conditions are also equivalent: 

(a) Given any convergent arc 7 whose lifting is transverse to Ey at a non-singular 
point of E there exists a convergent C-wedge with .special arc 7 and generic arc 
belonging to Ne^ • 

(b) Given any convergent arc 7 whose lifting is transverse to Ey at a non-singular 
point of E there exists a convergent C-wedge with .special arc 7 and generic arc 
having lifting to the resolution transverse to Eu through a non-singular point 
ofE. 

An immediate Corollary characterises the image of the Nash maps in terms of 
K- wedges: 
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Corollary B. Let {X, O) he a normal surface singularity defined over an un- 
countable algebraically closed field K of characteristic 0. Let Ey be an essential 
irreducible component of the exceptional divisor. Equivalent are: 

(1) The component Ey is in the image of the Nash map. 

(2) Lt does not exist a different component Ey and a K-wedge whose special arc 
has transverse lifting to Ey at a non-singular point of E and with generic 
arc belonging to Ne^ ■ 

Lf the base field is C the following condition is also equivalent: 

(a) There exists a convergent arc 7 whose lifting is transverse to Ey at a non- 
singular point of E such that there is no convergent <C-wedge whose special 
arc is 7 and whose generic arc has a lifting to the resolution transverse to 
Eu through a non-singular point of E , for a different component Ey of the 
exceptional divisor. 

Our result is based on the Curve Selection Lemma of A. Reguera (see Theo- 
rem 4.1 and Corollary 4.8 of [22])) and improves the statement corresponding to 
surfaces of Corollary 2.5 of fTB| in the following sense: 

• in order to prove that Ey is not in the image of the Nash map it is sufficient 
to exhibit a single wedge defined over the base field realising an adjacency. 

• If K = C, in order to prove that Ey is in the image of the Nash it is sufficient 
to find a single convergent arc which can not be the special arc of a wedge 
realising an adjacency. This has turned out to be essential for the proof of 
the bijectivity of the Nash mapping for quotient surface singularities [H] . 

• The convergence and the condition that the wedge avoids a proper closed 
subset Z of Ne^ is also very useful in practice since it allows to work 
geometrically with wedges whose generic arc has also a tranverse lifting. 
See [22] for an application of these ideas. 

Our condition on the wedges is more precise that the liftability, since, when a 
component Ey is not in the image of the Nash map, we want to keep track of the 
responsible adjacencies. However, we prove also an improvement of the result of |16j 
in terms of the original condition of lifting wedges of [15j : 

Theorem C. Let {X, O) he a normal surface singularity defined over C. Let 
Ey be any essential irreducible component of the exceptional divisor of a resolution 
of singularities. If there exists a convergent arc 7 whose lifting is transverse to Ey 
such that any C-wedge having 7 as special arc lifts to X , then the component Ey is 
in the image of the Nash map. 

The ideas of the proofs and the plan of the paper are as follows: 
If the Zariski closure of Ne^ contains Ne^ we can use Corollary 4.8 of |29J to 
obtain a if- wedge (with K an infinite transcendence degree extension of K) whose 
special arc is the generic point of Ne^ and whose generic arc lifts to Ey. After 
this we can follow a specialisation procedure similar to the one in [TS] to obtain 
a K-wedge whose special arc has transverse lifting to Ey and with generic arc 
belonging to Ne^ • What we will actually do is to produce a slight improvement of 
Corollary 4.8 of [29] which, after the above mentioned specialisation procedure gives 
K- wedges with the properties required in Theorem A, (2) and (3). The improvement 
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of Corollary 4.8 of t29j is needed because applying it directly we do not obtain 
wedges avoiding the proper closed subset Z of Ne^ ■ This is done in Section [3l 

Most of the technique introduced in this paper is devoted to the proof of the 
converse statement. Let 7 be an arc whose lifting to X is transverse to E'^,. A 
K-wedge whose special arc is 7 hand with generic arc belonging to Ne^ (with Eu 
another component of the exceptional divisor) will be called a wedge realising an 
adjacency from £'„ to 7. 

In Section |4] we use an Approximation Theorem to replace a K-wedge realising 
an adjacency by an algebraic one with the same property with respect to another 
transverse arc 7', and retaining genericity conditions. 

In Section O using Stein Factorisation, we "compactify" the wedge and factorise 
it through a finite covering of normal surface singularities "realising an adjacency 
from to 7"' (see Definitions [TSl and [T9|) . We prove that there exists a wedge 
realising an adjacency from Eu to 7' if and only if there exists a finite covering 
realising an adjacency from Eu to 7'. 

In Section |6] we work in the complex analytic category. We use a topological 
argument and a suitable change of complex structures we prove that given two con- 
vergent arcs 7 and 7' on a complex analytic normal surface singularities there exists 
a finite covering realising an adjacency from Eu to 7 if and only if there exists a 
finite covering realising an adjacency from Eu to 7'. This technique allows to move 
wedges in a very fiexible way, and is the key to the following surprising result (see 
Theorem l30l and Corollary [33]): 

Theorem D. The set of adjacencies between exceptional divisors of a normal 
surface singularity is a combinatorial property of the singularity: it only depends 
on the dual weighted graph of the minimal good resolution. In the complex analytic 
case this means that the set of adjacencies only depends on the topological type of 
the singularity, and not on the complex structure. 

In Section[7]we use Lefschetz Principle to reduce the existence of a finite covering 
realising an adjacency from Eu to a 7' to the analogue statement in the complex 
analytic case. This allows to finish the proof the main results of the paper. 

Finally, in Section |S] we use the fact that Nash problem is topological to study 
and compare the adjacency structure of different singularities: we prove reductions 
of Nash problem for singularities with symmetries in the dual weighted graph of 
the minimal good resolution (see Proposition[35land Corollary |8]). We prove results 
comparing the adjacency structure of different singularities (see Corollary [ST]) . We 
also reduce the Nash problem in the following sense: we introduce extremal graphs, 
which is a subclass of the class of dual graphs with only rational vertices and no 
loops (see Definition 1411) , and extremal rational homology spheres, which are the 
plumbing 3-manifolds associated with extremal graphs. 

Corollary E. // the Nash mapping is bijective for normal surface singularities 
whose minimal good resolution graph is extremal then it is bijective in general. 
Equivalently, if the Nash mapping is bijective for all complex analytic normal sur- 
face singularities having extremal Q-homology sphere links then it is bijective for 
any normal surface singularity. 
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The last Corollary improves Proposition 4.2 of [16^, which reduces Nash problem 
for surfaces to the class of surfaces having only rational vertices in its resolution, 
and makes essential use of Theorem D. 

The author thanks to M. Lejeune-Jalabert for a conversation in which he learnt 
on the possible relation between Nash and wedge problems. He also thanks useful 
comments from P. Popescu-Pampu, H. Hauser, M. Pe Pereira, G. Rond and the 
referee. 

2. Terminology 

Let K be an algebraically closed field of characteristic 0. Let X be a normal 
algebraic surface over K with a singularity at a point O. Since we will be interested 
in the germ (X, O) we may assume X to be embedded in K.^ ^ being O the origin. 
Denote by / the defining ideal of X and let (Fi, ....,Fr) be generators of /. If the 
coordinates of are xi, ...,xj\f then each Fi is a polynomial in these variables. 

Unless we state the contrary we denote by tt : X — > X an Hironaka resolution 
of the singularity of X at O (obtained by a blowing up at an ideal whose zero set 
is the singular locus [9]). Let E = Uu=i ^® decomposition in irreducible 
components of E. 

Given a field K containing the base field K, a K-a.rc in {X, O) is a scheme 
morphism 

^:Spec{K[m^{X,0). 

It is determined by the formal power series XiOjit) e K[[t]] for 1 < i < n (the 
coordinate series). A K-arc is algebraic if its coordinate series are algebraic power 
series: there exists a polynomial Pi G K[t,a;] such that Pi{t, XiOj[t)) = for any 
i < N. In the case that K = = C, a C-arc is convergent if its coordinate series 
are convergent. 

Denote by Xoo be arc space of {X, O), with its infinite-dimensional scheme struc- 
ture. There is a natural bijection between the set of iiT-arcs and the .K- valued points 
of Xoo- See 111 for a more detailed exposition on arc spaces. 

Denote by Ne^, the subspace of formal arcs whose lifting to X sends the special 
point into these arcs are called arcs through E^. Let N be its Zariski closure 
in Xao and A^_e„ the subset of arcs in A^_e„ whose lifting meets £"„ transversely at a 
non singular point of E] these arcs are called transverse arcs through E^. 

A K-wedge in (X, O) is a scheme morphism 

a : Spec{K[[t,s\]) (X, O) 

which sends the point V{t) to O. Its coordinate series are formal power series in 
the variables s. A K-wedge is said to be algebraic if all the coordinate series are 
algebraic (that is, satisfy a polynomial equation Pi{t, s,Xioa{t, s)) — for Pi £ 
IK[<, s,a;]). In the case that K = K = C, a. C-wedge is convergent if its coordinate 
series are convergent. 

Given a if -wedge, we call the if-arc as{t) := a{t, 0) the special K-aic associated 
to it, and the -ftr((s))-arc ag (same coordinate series, but viewed in if((s))[[i]]) the 
generic K{{s)) arc associated to it. 

As the space of arcs, the space of wedges as above has a structure of 

infinite dimensional algebraic variety. There is a natural bijection between the set 
of if- wedges and the Jf- valued points of X^"^ (see [IB]). 
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Since in this article we are interested in Nash Problem for a normal surface 
(and hence isolated) singularity, we only need to use wedges such that all both 
the generic and the special arc are centred at the singular point. In more general 
contexts (see [16]) wedges with the general arc not centred at the singular locus are 
considered. 

Definition 1. A K -wedge realises an adjacency from £"„ to Ey if its generic arc 
belongs to Ne^ and its special arc belongs to Ne^ (it is transverse to Ey). 

We will be able to produce wedges for which the generic arc satisfies any finite 
amount of genericity conditions. This can be formulated as follows: 

Definition 2. Let Z be a proper closed subset of Ne^- ^ K -wedge realises an 
adjacency from E^ to Ey avoiding Z if it realises an adjacency from E^ to Ey and 
its generic arc does not belong to Z. 

A very natural class of wedges are those realising an adjacency and for which 
the generic arc is transverse to Eu. For this we define the proper closed subset 
Ae^ C Ne^ to be the Zariski closure of the complement of Ne^ \ Ne^ ■ Any wedge 
realising an adjacency from Ey to Ey and avoiding A^^ has the desired properties. 

Remark 3. A 'K-wedge a realising an adjacency from Ey to Ey is a wedge with 
special arc in Ne^ which does not lift to X (that is, the rational map 7r~^oa is not 
defined at the origin of Spec{K.[[t, s]]) ). This makes the link with the original wedge 
problem of |15) . 

3. Existence of formal wedges over the base field 

The aim of this section is to prove that (1) implies (3) in Theorem A. We follow 
closely the method of and [TB], which consists in two steps: finding a wedge 
defined over a field extension IK G K, and perform an specialisation procedure to 
deduce the existence of wedges over the base field. In [29] and [16] wedges that 
do not lift to the resolution are produced. Our aim is to produce wedges realising 
adjacencies avoiding a closed subset Z in Ne^, ■ Both conditions are related, but are 
not the same: a wedge realising an adjacency does not lift to the resolution, but a 
wedge which does not lift to the resolution does not necessarily realises an adjacency. 
The condition of avoiding a closed subset Z is not considered in [29] and [16] . 

3.1. An improved Curve Selection Lemma. Let Ey be an essential divisor. 
Suppose that there is an adjacency from Ey to Ey. Let z be the generic point 
corresponding to the irreducible closed subset Ne^ C Xod, and k^ its residue field. 
Corollary 4.8 of [29] is a Curve Selection Lemma in arc spaces which implies (see 
the proof of Theorem 5.1 of [29]) that there exists a finite extension K of k^ and 
a K-wedge whose special arc is the generic point of Ne^ and whose generic arc 
belongs to Ne^ ■ Here we improve the Curve Selection Lemma so we can show that 
the generic arc of the wedge also satisfy certain genericity conditions. The proof we 
give here is a modification of the proof of Corollary 4.8 of [55], and is a Corollary of 
Theorem 4.1 of [29] as well. However we want to make several points more explicit 
for later use and we also want to prove the existence of wedges avoiding a proper 
closed subset Z of Ne,, ■ We shall follow closely [35] . 

Definition 4 ( 29J). An irreducible Zariski- closed subset N of X^o is generically 
stable if there exists an affine open subscheme U of X^o such that N n U is non- 
empty and its defining ideal is the radical of a finitely generated ideal. 
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Let N be any irreducible closed subset of Xoo , denote by z its scheme-theoretic 
generic point and fcz its residue field. Notice that Xoc is an aSine scheme. Let R 
be its coordinate ring. There is a prime ideal I C R defining the set N. Then fc^ is 
the quotient field of R/I and the point z is the /c^-valued point 

Spec{k;,) Xoo 

associated to the natural homomorphism given by the composition 

R R/I ^ k^. 

Recall that the arc space Xoo is the scheme representing the contravariant functor 
which assigns to any affine scheme Spec{A) the set of A-arcs 

7 : Spec{A[[t]]) ^ X 

which send the closed subset V{t) to the origin O oi X. By the above discussion the 
generic point z of iV is identified with a fc^-arc in X^o ■ Similarly giving a iiT- wedge 
in X is the same than giving a morphism 

a : Spec{K[[s\]) X^. 

Here is our improved Curve Selection Lemma, whose proof is an adaptation of 
the proof of Corollary 4.8 of 29 : 

Lemma 5. Let N and N' be two irreducible closed subsets of Xoo such that N is 
generically stable, contained in N' and different to it. Let Z be any other closed 
subset of Xoo such that N' is not contained in it. Let z be the generic point of N 
and kz its residue field. There exists a finite field extension kz C K and K wedge 
whose special arc is the generic point z and whose generic arc belongs to N' \ Z. 

Proof. By the discussion preceding the Lemma finding such a wedge is equivalent 
to finding finite extension kz G K and a morphism 

(1) a : Spec{K[[s]]) N' 

such that the image of the generic point does not fall in Z and, if Xoo = Spec{R) 
and if / is the ideal defining N in Xoo, the restriction of a to the closed point of 
Spec{K[[s]]) is associated to the composition of the natural ring homomorphisms 

(2) R -> R/I '^kz'^K. 

By Corollary 4.6 (i) of '29], since N is generically stable the completion On'.z 
of the local ring Ojv'.z at the maximal ideal is a Noetherian ring of dimension at 
least 1 (the inclusion C A^' is strict). The ring On' .z is equicharacteristic since 
it contains the base field K. Since it is complete, by Theorem 28.3 of [18] it has a 
coefficient ring kz and therefore is a quotient A;z[[Xi, Xr]]/X, with r the minimal 
number of generators of the maximal ideal, and I an ideal in fcz[[Xi, Xr^. 

Let J the ideal of Z n A^' in the coordinate ring of Om' ,z- Denote by J its com- 
pletion to On',z- Let d be the dimension of On'.z- If d = 1 then \/j equals the 

maximal ideal of On' z because otherwise Z contains N'. If d > 1 and is dif- 
ferent to the maximal ideal then, by Prime Avoidance (see Lemma 3.3 of 0]), there 
exists an element bi in On\z and not belonging to any minimal prime containing 
J, such that the dimension of Oat', 2/(61) equals d—1. Define Ji = J + (&i). By 
construction no irreducible component of Spec{0 m' .z / {bi)) is contained in V{Ji) 
and hence the dimension of V{Ji) is at most d — 2. We proceed inductively and 
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construct 61, bd-i such that the dimension of Spec{ON',z/ (^i, bd-i)) equals 1 
and the dimension of V{Jd-i) is at most 0, where Jd-i equals J + (61, ...bd^i). 

Since ON',z/{bi, bd-i) is the quotient fcz[[Xi, Xr]]/I+{bi, bd-i) we have 
that C = Spec{ON' ,z/ bd-i)) is an algebroid curve over fcz, and since V{Jd-i) 
is at most dimensional it contains at most the closed point of the curve. Let be 
the algebraic closure of k^- In the ring A:z[[Xi, the ideal ^/I+{bl^Z^^J)d^ 

can be expressed as the intersection of finitely many prime ideals Vi, ...^Vrm each 
of them corresponding to a geometrically irreducible component Ci of the curve C. 
By Noetherianity each of curves Cj is defined over a finite extension i^T of fc^ . 

The desired morphism a may be taken as the composition of the normalisation 
mapping 

a : Spec{K[[s]]) Ci 

with the natural morphism 

Ci N'. 

□ 

3.2. Locally closed subsets of wedges realising adjacencies. Having a K- 
wedge realising an adjecency from £'„ to E^^ avoiding Z our aim is to find a wedge 
with the same properties, but defined over the base field. Here we follow [16]. The 
first step is to prove the following analog of Proposition 2.5 in [16]. The way of 
proving the proposition prepares the way to an approximation results for wedges 
needed in the nest section. 

Proposition 6. Let and Ey be two essential divisors of a resolution of X and Z 
a proper closed subset of N e^- If there is a K -wedge a realising an adjacency from 
Eu to Ey avoiding Z , and such that the image of the special point of the special arc 
as is the generic point of Eu, then there is a locally closed subset A of the space of 
wedges such that the K -point associated to a belongs to it and, for any field 

extension K C £, any L-point of A corresponds to a L-wedge realising an adjacency 
from Eu to Ey avoiding Z. 

Some discussion is needed before proving the Proposition. 

3.2.1. Power series expansions of arcs with transverse lifting. Here we give finitely 
many polynomial conditions ensuring than an arc is in Ne^ or in Ne^ for a certain 
component £"„ of the exceptional divisor. The discussion is similar to that of 
Proposition 3.8 of [H]. 

By Main Theorem I of [5] there exists an ideal in the coordinate ring K[X] 
of X such that the resolution tt is the blow up with respect to J' and such that its 
zero set is the origin. Consider polynomials go, ...,gs in xi, ...,xn which generate 
J'. Let X be the Zariski closure in X xP'^ of the graph of the mapping 

(50:... :5.):^\{0}^P^ 

The morphism n : X ^ X coincides with the restriction to X of the projection of 
X X to the first factor. Consequently, the exceptional divisor E is an algebraic 
subset of P*. Denote by J„ the homogeneous ideal associated to the component 
Eu', let hu,i, .■.,/iii,fc„ be homogeneous polynomials generating J„. 
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Consider indeterminates Ai,j, where i G {1, N} and j G N, for each i < TV we 
consider the series 

J en 

inside the ring K[Ajj][[t]]. The tuple 

r{t) = {Y,{t),...,YN{t)) 

is a IK[v4i j]-point in the arc space of which we call the universal arc. The 
coordinates of any isT-arc are obtained by substituting the variables Aij by values 
Uij e K. 

For any I G {0, s}, if we consider the power series expansion 
gi{Y,{t),...,Yr,{t)) :=J2QiM^ 

fe6N 

each coefficient Qi ^ is a polynomial in IK[Aj j], for i G {1, ■■■,N} and j < k. 
Definition 7. Given any K-arc 

l{t) = {...,Y,a,,jt\...) 

we define the first order ofj with respect to n to be the minimum m(7) of the orders 

in t of the power series gi{j{t)) for i G {0, s}. 

Consider the system Si{M) of polynomial equations: 

(3) QiA^i,j) = for 2 e {0, ...,s} and k < M. 

By definition of m(7), the coefficients Uij of the coordinate series of 7 satisfy the 
system Si{M) for M = 772(7), but not for M = 772(7) + 1- This leads to the 
following: 

Remark 8. The first order of ^ with respect to n is upper semicontinuous in the 
Zariski topology of Xoo ■ 

Given any arc 7 G X^c, the lifting 

7 : Spec{K[[t]]) X 

of 7 to X has the coordinate expansion 

(4) 7(0 := ((a;i(7(t)),...,a;jv(7(i)),(5o(7(i)) : - : 9s{im e x P«. 
Dividing each gi{'y{t)) by we can evaluate 7 at and obtain: 

(5) 7(0) = ((0, 0), ((3o,m(7)(ai,j) : - ■ Qs,m(7)(ai,j))> 

where at least one of the coordinates Qi^m(-^){o-i,j) is different from 0. 

The arc 7 belongs to Ne^ if and only if its special point is sent inside iJ„, and 
this happens precisely when 

(6) /l«,e(<3o,m(7)(cti,j) '■ ••• '■ Qs,m{j){o-i,j)) = 0- 

Hence, for any M, we define the; system S2{M) of polynomial equations with 
coefficients in K in the indeterminates Aij 

(7) huAQoMiAij) : ... : Qs,m(A,j)) = 0, 

for e G {1, fc„}. Rephrasing the above discusion we have that 7 belongs to A^^^^ 
if and only if the coefficients of 7 satisfy the system S2{m{'y)). 
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Let [/ be a Zariski open subset of £'„. Let C :— Eu\ U . An argument similar 
to the one above shows that, for any Af £ N there exists a system of finitely many 
polynomial equations S:i{M) such that the lifting of an arc 7 G X^o meets C if and 
only if the coefficients of 7 satisfy the system S'3 (771(7)). 

In order to characterise transverse arcs we recall the proof of Lemma 2.3 of [16j . 
Let u be the divisorial valuation associated to Suppose, after a possible re- 
ordering, that no := v{go) = min(j/((7o), ^^(Ss))- There is a Zariski open subset 
U of Eu such that an arc 7 has transverse lifting to i?„ through a point of U if an 
only if ordt{goi"f)) — nQ. Moreover, for any arc having lifting through £"„ we have 
ordt{goil)) ^ "-o- Rephrasing, if 7 is an arc with lifting through E.^ then 7 lifts 
tranversely to Eu if and only if the following polynomial inequality is satisfied by 
the coefficients of 7: 

(8) Qo,no(Aj) 7^0. 

After this discussion the following proposition is obvious: 
Proposition 9. For any essential divisor Eu and a natural number M we have: 

(1) the set N{Eu, M) of arcs with lifting through Eu and first order with respect 
to TT equal to M is the set of arcs in Xao whose coefficients satisfy the 
systems Si{M), 5*2 (M) and do not satisfy the system Si{M + 1). This is a 
finite ammount of polynomial equalities and inequelities in the coefficients 
of the arc. 

(2) there is a Zariski open subset U C Eu such that the set of arcs N{U, M) of 
arcs with transverse lifting through U and first order with respect to it equal 
to M is a locally closed subset of X^o defined by finitely many polynomial 
equalities and inequalities. 

3.2.2. Power series expansions of wedges realising adjacencies. Given indetermi- 
nates Bi ^^k with I < i < N and j, fc G N we the power series expansion 

n{t,s) ( B^^j^kt's^..., J2 B,,,,kt's\..., Bn^jM's")- 
j.fceN j",fceN j.feeN 

is a K[Bi,j^k]-pomt in the space of wedges in K^, which we call the universal wedge. 
A iiT-wedge a is obtained substituting the variables Bij k by elements bij^k S K. 
Its associated generic arc ag{t) has coordinate power series 

(9) ^a.,,t^" 
with 

Definition 10. Let a be a K-wedge. We define the first order m{a) of a with 
respect to tt to be equal to the first order m{ag) of its generic arc with respect to tt. 

Definition 11. Let I be the minimal index such that Bi m{ag){o,i,j) 7^ 0. The second 
order of a with respect to tt is the order of Bi ,n(ag) *^ s, and is denoted by R[a). 

Since Bi ^i^ag) only depends on the coefficients when j < m{ag), the co- 
efficient of the term of order R{a) of -Bo,m(c( ) is obtained by substitution of the 
variables Bij^k by the coefficients in a polynomial 

(11) Po.iB^,j,k) 
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in IK[i3ij-,fc] for j < m{ag) and k < R{a). 

Definition 12. The characteristic polynomial Pa of a with respect to tt is the 
polynomial in M.[Bij^k] defined in \ll\ 

Lemma 13. Given a K-wedge a and a K' -wedge a' (with K and K' possibly 
different). Denote by h'^ ^ ^ the coefficients of the coordinate series of a' and by a[ ^ 
the coefficients of the coordinate series ofa'g. If the systems of equations Si{m{a)) 
(see ^) and S2{m{a)) (see ^) are satisfied substituting Aij by a[ j, and we have 

(12) Pc'Kj^k) 7^ 

then the generic arc a'g belongs to Ne^ and the first characteristic order of a' with 
respect to tt equal to m(a). 

Proof. Since the system of equations 5i(m(a)) is satisfied by the a[ j^s the first 
characteristic order of a' is at least m{a). Since 

(13) Pc>{b'u,k) ^ 

the system Si{m{a)) + 1) is not satisfied by the the a'^j^s, and thus the first char- 
acteristic order of a' equals m{a). Since the system S'2(m(a)) is satisfied by the 
a - j 's, by Proposition ini the generic arc of a' belongs to Ne^. □ 

3.2.3. Wedges avoiding a closed subset. Let Z he a proper closed subset of N e^- 
Let I the ideal defining Z in Aj^. Notice that the coordinate ring of the space of 
arcs in A.^ is ring of polynomials in the indeterminates Ai,j with coefficients in K. 
Let a be a i^-wedge with coordinate series 

(E 6i,j,fct^s',..., KjM's",-, i^Nj.kt's")- 

jMeti j",feGN j.feeN 

Its generic arc ag is of the form with the Uij defined by Formula ([T0| . If 
ag is a iir((s))-point of Ne^ \ Z then there is a polynomial H € I such that 
H{ag) = H{ai j) is a non-zero power series in iir[[s]]. Since H depends on finitely 
many variables Aij there is a positive li such that for any variable Ai^j we have 
that j < li. Let I2 be the order in s of H{aij). Clearly, there is a polynomial 

(14) $a e K[S,j- fe] 

depending only on the variables Bij ^ for i < N , j < li and k < I2 such that the 
coefficient in s'^ is a non-zero element of K obtained by substitution of feij.fc into 
the polynomial ^q. 

After this preparations we can prove Proposition [51 

Proof of Proposition\^ Let m{as) be the first order of the special arc of the wedge 
a with respect to tt. By Proposition |9] the set N{U, m{as)) is a locally closed subset 
of Xoo- The mapping 

C . vSinq . v 
■ ^00,00 ~^ '^00 

assigning to any wedge its special arc is a morphism of infinite dimensional algebraic 
varieties. Therefore Qi :— S^^{N{U,m{as)))) is a locally closed subset of X^J^. 

Let m{a) be the first order of the wedge a with respect to tt. Since the generic 
arc ag belongs to Ne,,, by Proposition [HI the systems S'i(m(a)) and S2{m{a)) are 
satisfied by the coordinates Oij — X^fceN ^id^^s'^ of the generic arc ag. 
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Let Pa e M.[bi,j^k] be the characteristic polynomial of a with respect to tt. Any 
wedge 

such that the coefficients of its generic arc satisfy system Si{m{a)) and such that 
the inequality 

(15) Pa{b[.,,k)7^0 

holds has first order with respect to tt equal to m(a'). 

We conclude that any wedge a' such that the systems Si{m{a)) and S2{m{a)) 
are satisfied by the coordinates aij = X^feeN ^id^^s^ '^^ generic arc aj^, and such 
that inequality (|15p holds has a generic arc belonging to Ne^- We denote by 82 
the corresponding locally closed subset of . 

The locally closed subset A = 9i n 82 has the desired properties. □ 

3.3. Specialisation of wedges. Let Ey be components of the exceptional 
divisor of the resolution tt, being essential. By Proposition 3.8 of [29] the 
set N E^. is generically stable. Let Z be any proper closed subset of Ne^- By 
Lemma [5] and obtain a finite extension K of kz and a if- wedge a whose special 
arc is the generic arc of Ne^ and whose generic arc is belongs to Ne^, \ Z. We 
follow an specialisation method of [16] to produce a wedge defined over the base 
field satisfying the same requirements. 

Proposition 14. Suppose that IK is uncountable. Suppose that there is an adja- 
cency from i?„ to Ey, that is we have the inclusion Ne^, C Ne^- Let Z be any 
proper closed subset of Ne^- There exists a formal "K-wedge realising an adjacency 
from Eu to Ey and avoiding Z. 

Proof. The proof follows the method of Section 2 of [TB] . Let z be the generic point 
of Ne^ and kz its residue field. We apply Lemma [5] and obtain a finite extension 
K of kz and a if-wedge a whose special arc is the generic arc of Ne^ and whose 
generic arc is belongs to A^^;^ \ Z. 

Since K is uncountable, Proposition 2.10 of [H] (which also holds for wedges) 
implies that the closed points of the space of wedges A'00,00 are K-valued points. In 
fact the proof of this Proposition gives that the set of K-valued points is dense in 
-^oojoo- In Proposition [6] we have proved that there is a non-empty locally closed 
subset A of wedges realising an adjacency from E^ to Ey and avoiding Z. The 
density of K-valued points implies the existence of a K-point in A, corresponds to 
a K-wedge with the desired properties. □ 

4. Approximation of wedges 

The aim of this section is to aproximate wedges realising adjacencies, avoiding 
closed sets and defined over the base field by wedges with the same properties, but 
defined by algebraic power series. The idea is to use the following Approximation 
Theorem, due to Becker, Denef, Lipshitz and van den Vries (Theorem 4.1 of [2]), 
which later was generalised by Popescu [25] • I thank G. Rond and H. Hauser for 
pointing me out these approximation theorems. 

Theorem 15. Lett,s andyi, ...,yr be variables. Consider polynomials Gi^ ...^Gk G 
K[f, s, 2/1, Suppose that there exist formal power series ?/i(s), ?/r'(s) and 
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yr'+i{t, s), ...,yr{t, s) such that Gi{t, s, j/i(s), yr(i, s)) — for any i < k. For any 
L > there exist algebraic power series y[{s), ...,y'^t{s) and yr'+i{t, s), ...,yr{t, s) 
such that Gi{t, s, y'i{s), s)) ~ for any i < k and y'j coincides with yj up to 
order L. 

Proposition 16. Given any K-wedge a realising an adjacency from Eu to Ey, and 
any natural number L, there exists an algebraic wedge /3 realising an adjacency from 
Eu to Ey such that their power series expansion coincide up to order L. Moreover 
if Z is a proper closed subset of N and a avoids it then (3 can be chosen avoiding 
Z. 

Proof. If the generic arc ag does not belong to Z then set Zi, I2 and be the 
natural numbers and the polynomial introduced in l3.2.3l Otherwise set h — I2 = 0. 
Recall from Subsection 13.2.11 that uq := min{i>{go), iy{gs)). 
We define 

m := m.ax{m{as),m{ag)} 
to be the maximum of the orders of the special and generic arcs with respect to tt 
and assume 

L > max{m, R{a), h, I2, no}. 
We write the wedge a according with the expression of its generic arc as 

a{t) ■■= iJ^aijisW ,...,J2'^N,jis)t^), 
with Oi jis) ~ X^feGN re-group this expansion in the following way: 

m m 

(16) a{t, s) ai,j{s)t' + ci(i, s)t'^+\ ^ aArj(s)i^' + c^it, 

j=i j=i 
with Ci{s,t) e K[[t,s]]. 

Consider variables Aij and Ci ioi 1 < i < N and 1 < j < m. Given any 
generator F; of the ideal / of X we consider the polynomial 

m m 

Gi{t,A^j,Ck) FiiC^AiJ^ +Cit'^+\...,Y,AN.jt^ +GNt"'+^) 
in K[<,A,j,Cfe]. 

The fact that the image of the wedge a lies in X is expressed by the system of 
equations 

(17) Gi{t,a,,j{s),ck{t,s)) = 0, 

for 1 < I < r. Moreover, since the wedge a realises an adjacency from £"„ to Ey, 
the general arc ag belongs to Ne^, and hence the power series aij(s) satisfy the 
systems of polynomial equations Si{m{a)) (see ^) and S2{m{a)) (see (O). 

By Theorem (TS] there exist algebraic power series a.'^ j{s) and c'^{t,s) coinciding 
respectively with aij{s) and Ci{t, s) up to order L, for 1 < i < N and 1 < j < m, 
such that they satisfy the systems of equations ()17p . Si{m{a)) and 6*2 (m (a)). 

We claim that 

m rn 

(18) a'{t,s) := {Y^a[^^{s)t^ +c[{t,s)t^+\...,J2^kMi' +Mt,s)t"'^') 

i=i j=i 
is the required algebraic wedge. 
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We expand a' as 

The wedge a' is algebraic since it is a polynomial combination of algebraic series 
and its image lies in X since it satisfy the system of equations ([T7|. The sys- 
tems of equations S'i(m(a)) and S'2(m(a)) are satisfied for the coefficients of a'g by 
construction. 

As a and a' coincide up to order L we have 6^ j^fc = ^ ^ for i < and j < M. 
Since the characteristic polynomial of a with respect to tt only involves variables 
bij,k with i < N , j < m{a), k < i?(a), and M > max m(a), we have 

Thus, since the system 5i(m(a)) is satisfied by the coefficients of a'g, the first order 
of a' with respect to tt is equal to m{a). Hence, since the system S'2(to(q;)) is 
satisfied the generic arc of a' belongs to Ne^, (see Proposition |9l). 

Let H, li, I2 and $ as in l3.2.3l Let the generic arc a'g is a i<r((s))-arc, and hence 
the evaluation H{a'g) is a power series belonging to K{{s)). Its coefficient in I2 is 
given by the substitution in of the variables -Bi.j,fe by the coefficients b'^ ^ j,. Since 
$ct only depends on the variables Bij^k for i < N and j,k < L and we have the 
equality &i j-,fc ~ K j k ^^^^ range of indices we find that the coefficient is non-zero 
as with the case of H{ag)). This shows that a'g does not belong to Z. 

We know that belongs to Ny because it coincides with as up to order M > no, 
and the transverseity is controlled by the non vanishing of the substitution of the 
coefficients of the special arc of a' in Qo,rao(^i,j) (^^^ Subsection l3.2.ip . □ 

5. Algebraic wedges and finite morphisms 

We need to refine at this point the definition of wedges realising adjacencies: 

Definition 17. Let ^ be a K-arc in Ne^ and Z a proper closed subset of Ne^- 
A "K-wedge a realises an adjacency from to j ( avoiding Z) if its generic arc 
belongs to Ne^ (and not to Z) and its special arc coincides with 7. 

Along this Section 

TT : A ^ A 

denotes the minimal good resolution of the singularity at O. 

Definition 18. Let 7 be an algebraic K-arc in Ne„- A morphism (in the category 
of algebraic varieties) 

^:(Z,g)^(X,0) 

of germs of normal surface singularities realises an adjacency from Eu to 7 if there 
exist a resolution of singularities 

p:Z^{Z,Q), 

of the singularity of Z at Q, with exceptional divisor F := p^^{0) and an algebraic 
K-arc 

: Spec{K[[t]]) Z 

satisfying the equality ipopoip — 7 and the following additional properties: 

(1) the morphism p resolves the indeterminacy of the rational map Tr^^ot/j; that 
is, the rational map ip := n^^oipop is a morphism. 
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(2) There is an irreducible component Fq such that: 
(a) The image ip{F()) is contained in E^- 
(h) The resolution p can be factored into p2opi, where 

pi: Z 

is a the sequence of contractions of {—l)-curves which does not collapse 
Fq, and 

P2:W ^ {Z, Q) 

is another resolution of singularities. The arc pioip sends the special 
point into a point Q' of Fq in which Fq has a smooth branch L. More- 
over pioip is transverse to L at Q' . 

Let Z be a proper closed subset of Ne^- We say that the morphism (j) realises 
an adjacency from i?„ to 7 avoiding Z if there exist a resolution of singularities 
p, an algebraic K-arc ip, a factorisation p — p2°Pi, an irreducible component Fq 
of the exceptional divisor of p, a smooth branch germ {L,Q') into pi{Fq) with the 
properties predicted above, and such that there exists a morphism 

l3:Spec{K[[t,s]])^{W,Q') 

such that: 

(i) The K-arc /3(t,0) coincides with piO(p{t). 

(ii) The restriction ;8(0,s) is a formal parametrisation of the germ {L,Q'). 
(Hi) The composition ipop20p is a 'K-wedge whose generic arc does not belong to 
Z. 

Definition 19. A morphism (in the category of algebraic varieties) 

^■.{Z,Q)^{X,0) 

of normal surface singularities realises an adjacency from E^ to Ey (avoiding an 
proper closed subset Z of N e^) if there exists an algebraic K-arc 7 in Ne^ for which 
the morphism realises an adjacency from E^ to 7 (avoiding Z). 

Definition 20. Suppose K = C. 

(1) Let J be a convergent C arc in Ne^- An analytic mapping germ 

V: (z,g)^(x,o) 

of normal surface singularities realises an adjacency from £"„ to 7 (avoiding 
an proper closed subset Z of N e^J if it satisfies the conditions of Defini- 
tion \18\ in the complex analytic category. 

(2) An analytic mapping germ 

xl::{Z,Q)^{X,0) 

of normal surface singularities realises an adjacency from Eu to E^ ( avoid- 
ing an proper closed subset Z of N e^) if there exists a convergent C-arc 7 
in Ne for which the mapping realises an adjacency from E^ to j ( avoiding 

z). 

Proposition 21. Let 7 be an algebraic K-arc in Ne„ and Z a proper closed subset 
ofNE^- The following holds: 
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(1) If there exists a morphism realising an adjacency from Eu to ^ ( avoiding Z ) 
then there exists a M^-wedge realising an adjacency from Eu to ^ ( avoiding 
Z). 

(2) If there exists an algebraic K-wedge realising an adjacency from E^ to 7 
( avoiding Z ) then there exists a finite morphism realising an adjacency 
from Eu to 7 (avoiding Z). 

Proof. Let 

^■.iZ,Q)^{X,0) 

be a morphism realising an adjacency from E^ to 7. As W is smootli and pioip is 
transverse to L at Q' (Definition \TE[ (2), (b)), tfiere exists a scheme isomorphism 

/3 : Spec{K[[t,s]]) ^ (VfJ^) 

(where {W, Q') is the formal neighborhood of Q' at W), such that the K-arc f3{t, 0) 
coincides with piOip{t), and /3(0, s) is a formal parametrisation of {L,Q'). The 
mapping 

a := il>op2op : Spec{K[[t, s]]) {X,0) 

is a wedge since P2(0, s) = Q for any s. Its generic arc belongs to Ne^ since ip{Fo) 
is contained in E^, and its special arc is 'ipop2o/3(t, 0). We have 

ipop2o/3(t,0) — ^op2opiOip{t) ~ ipopoip = 7. 

Thus a is a wedge realising an adjacency from E^ to 7. 

If the morphism tp also avoids Z we take as /3 the morphism predicted in Defi- 
nition [THl This proves (1). 

Let 

a : SpeciK[[t, s]]) {X, O) C 
be an algebraic K- wedge realising an adjacency from E^ to 7. 

As a is algebraic, for any i, there exists a polynomial Gi 6 IK[<, s, Xi] such that 

Gi(t,s,Xi{a){t,s)) = 0. 

The polynomials Gi, Gjv define an algebraic set Yi in the affine space K"^ x IK^. 
Let 

a : Spec{K[[t, s]] -^K^ xK^ 
be the graph of a (that is a'{t,s) := (t, s, a(t, s)). Let Y2 be the (2-dimensional) 
irreducible component of Yi containing the image of the graph of the mapping a. 
Denote by n : Ya — )■ ^2 the normalisation. The mapping a' clearly admits a lifting 

/3:SpecK[[t,s]])^Y3, 

which is a formal isomorphism at the origin O' of Spec{K.[[t, s]]). Thus, we may see 
Spec{K[[t, s]]) as the formal neighborhood of Y3 at the smooth point /3(0')- 

Denote by pr2 the projection of x to the second factor. We consider 
normal projective completions X and Y^ of X and Y3 respectively such that the 
mapping 

pr2\Y2°n -Ys ^ X 
extends to a projective morphism 

cj):Y3^X. 
By construction we have the equality 
(19) (/)o/3 = a. 
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Using Stein factorisation (Corollary III. 11. 5 of [T^) we can factor into ipoa, 
where 

a :Y3^ Z 

is a proper birational morphism, the variety Z is a normal projective surface, and 

tp : Z 

is a finite morphism. 

Denote by Q the point a{f3{0')). The restriction 

(20) ^■.{Z,Q)^{X,0) 

is a finite morphism of normal surface singularities. Let 

p:Z^{Z,Q) 

be the minimal resolution of singularities such that 

(i) it resolves the indeterminacy of the rational map TT~^otp (that is, the rational 
map ip := Tr~^oi/jop is a morphism), 

(ii) it dominates cr. 

Let 

a' -.W -^Ys 

be the minimal resolution of singularities of Y3. The composition p2 '■= aoa' is a 
resolution of singularities of {Z,Q) and the resolution p factors into p2°Pi, where 
pi is a the sequence of contractions of ( — l)-curves. As Y3 is smooth at the point 
/3{0') there is a unique point Q' & W such that cr'(Q') = f3{0'), and the mapping 
/3 admits an isomorphic lifting 

(21) (3' : Spec{K[[t,s]])^ {W,Q'). 
Since we have the equalities 

(22) ipop2o/3' = ijjoaoa'o/3' — ipoaofj — (f>o/3 — a 

and is finite we have that p20/3' transforms the s-axis into Q. Thus the image L 
of the s-axis by belongs to the exceptional divisor of p2- Let Fq be the irreducible 
component of the exceptional divisor of p2 containing the smooth branch L. Denote 
by Fq the strict transform of F'q by p\. By construction p\ does not collapse Fq. 
As a realises an adjacency from to 7, it sends the special point of its general 
arc into F„. This implies that the divisor Fq is transformed into by ^. On the 
other hand the equalities ([^^ imply that the arc ^ predicted in Definition I18[ (2) 
is the lifting of the special arc of /3' to Z. 

If the wedge a avoids Z then the lifting /?' defined in (PT|) is the additional 
morphism predicted in Definition 1181 □ 

6. Moving wedges 

In this section we assume that the base field K is the field of complex numbers C 
and we will work in the complex analytic category. Thus (X, O) denotes a complex 
analytic normal surface singularity germ. Since (X, G) has an isolated singularity 
at the origin, a result of Artin [1] shows that it is formally isomorphic with a germ 
of algebraic surface at a point. Then, by a Theorem of Hironaka and Rossi [5], we 
know that the formal isomorphism comes in fact from a local analytic one. Thus, 
when we need it we will freely assume that {X, O) is an algebraic surface germ. It 
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is worth to remind, for intuition, that in the eategory of normal complex analytic 
spaces, finite analytic morphisms correspond topologically to branched coverings. 

We develope a technique that allows, given a C-wedge realising an adjacency 
from Eu to a particular C-arc of Ne^, to construct wedges realising adjacencies 
from Eu to any convergent C-arc in Ne^ ■ The technique does not allow to ensure 
that if the original wedge avoids a proper closed subset Z oi N e^ then the newly 
constructed wedge also enjoys this property. However, if the subset Z equals the 
set of non-transverse arcs A^;^ we will prove that the property of avoiding it is 
preserved. 

Definition 22. Given any irreducible component Eu of the exceptional divisor we 
define the proper closed subset Ae^ C Ne^ consisting of the union of the set of arcs 
whose lifting to the resolution sends the special point to a singular point of E with 
the set of arcs whose lifting is non-transverse to Eu- 

We need to remind some common notations on dual graphs and the plumbing 
construction. Given a good resolution 

■K -.x ~^{X,0) 

of a normal surface singularity, the dual graph Q of the resolution is constructed 
as follows: there is a vertex for each irreducible component Ei of E, with a genus 
weight (which is equal to the genus oi Et), and a self- intersection weight (which is 
equal to the self intersection of i^iin X). Two vertices are joined by one edge for 
each intersection point of their corresponding exceptional divisors. In this article 
a weighted graph is a doubly weighted graph as above. Let r be the number of 
vertices of a weighted graph Q. The incidence matrix of C/ is a symmetric square 
r X r matrix with the following entries: enumerate the vertices of the («, z)-entry 
is the self-intersection weight of the «-th vertex; \ii ^ j the (i, j) entry is the number 
of edges between the i-th and j-th vertices. It is well known [6] that a weighted 
graph is associated to a good resolution of a normal surface singularity if and only 
if its incidence matrix is negative-definite. In that case we say that the graph is 
a negative definite weighted graph. Another well known fact is that an adequate 
neighborhood of in X is is diffeomorphic to the plumbing 4-manifold associated 
to the dual graph of the resolution ^21j . 
The main technical difficulty is solved in: 

Proposition 23. // there exists a convergent C-arc 7 G Ne^ and a finite ana- 
lytic mapping realising and adjacency from Eu to 7 (avoiding Ae^), then, for any 
other convergent C-arc 7' £ Ne^ there exists a finite analytic mapping realising an 
adjacency from Eu to 7' (avoiding Ae^J- 

The result which allows to move wedges is: 

Proposition 24. // there exists a C-arc 7 G Ne^ and a C-wedge realising and 
adjacency from Eu to 7 (avoiding Ae^), then, for any convergent C-arc 7' G Ne^ 
there exists a C-wedge realising an adjacency from Eu to 7' (avoiding Ae^)- 

Proof. Let us assume Proposition [531 By Proposition [11] there exists an algebraic 
C-wedge a realising an adjacency from £'„ to Ey (avoiding A^;^) . If 7" denotes 
the special arc of a then a realises an adjacency from Eu to 7" (avoiding A^;^). By 
Proposition[2T] (2) there exists a finite morphism realising an adjacency from E^ to 
7" (avoiding A^^). By Proposition [23| for any convergent 7' G Ne^ there exists a 
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finite morphism realising an adjacency from Eu to 7' (avoiding A^^) . Finally, by 
Proposition[5T] (1) for any convergent 7' e N^^ there exists a C-wedge realising an 
adjacency from to 7' (avoiding A^;^). □ 

Proof of Provosition \83[ The proof is somewhat involved but the idea is simple: let 

^■.{Z,Q)-^{X,0) 

be a finite analytic morphism of normal surface singularities realising an adjacency 
from Eu to 7. Since 7 and 7' are arcs with transverse lifting through the same essen- 
tial component there exists a self-homeomorphism $ from of {X, O) transforming 
the arc 7 into the arc 7'. The composition of $0?/) is a topological branched cover. 
Since the conditions of the definition of finite analytic morphisms realising an ad- 
jacency are of a topological nature, if one could put another analytic structure on 
{Z^ Q) so that $0-0 is holomorphic, then ^oip would be a finite analytic mapping 
realising an adjacency from to 7'. 

The proof has three parts, the first is a construction of the self-homeomorphism 
which allows to change the complex structure in (Z, Q) so that the composition 
becomes holomorphic, the second consists in constructing the new complex struc- 
ture, and the third consists in checking that our construction gives, in fact, a finite 
analytic mapping realising an adjacency from Eu to 7'. 

PART I. 

We will construct the homeomorphism at the level of the resolution X. 
Let 

0:(Z,g)^(X,O) 

be a finite analytic morphism of normal surface singularities realising an adjacency 
from Eu to 7. Let 

p:Z-^{Z,Q) 

be the resolution of singularities predicted in Definition [TSl and ip : Z ^ X the 
lifting of ip. By Stein factorisation -0 factors into ij/op'^ where 

iP' : Z' ^X 

is a finite analytic mapping, with Z' a normal surface, and 

p' : Z ^ Z' 

a resolution of singularities. Moreover the resolution p factors into p"op', where 

p" : Z' ^ (Z, Q) 

is a bimeromorphic morphism. 

Let A be the branching locus of tp' , and A' be the union of the irreducible 
components of A not contained in the exceptional divisor E. Let 7 and 7' be 
liftings of 7 and -f' to X. Since X is diffeomorphic to the plumbing 4-manifolds of 
the dual graph of the resolution, possibly having to shrink it to a smaller tubular 
neighborhood of the exceptional divisor of tt we may assume: 

(1) There are neighborhoods Ui,...,Um of each singular point of the excep- 
tional divisor in X which contain all the components of A' which meet the 
corresponding singular point. 
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(2) The difference X \ UjLiUj splits in one connected component Xy for each 
irreducible component Ey of E. In addition, for any v we have that E^ := 
Ey \ Dj^iUj is the deletion of several discs in Ey, and we have a smooth 
product structure Xy ~ Ey x D, where -D is a disk. 

(3) Consider the set {pi, ■■■,Ps} of meeting points of A' with E which are not 
singularities of E. Given any point pi contained in a divisor Ey, there exists 
a disk Di around Pi in such that all the components of A' meeting pj 
are contained in DiX D, and any component of A' meeting DiX D meet E 
at Pi,. In addition the closure of the discs Di,...,Ds are two-by-two disjoint 
and do not meet the boundary of Ey . 

(4) The images of 7 and 7' are fibre disks in Xy by the projection to Ey. Either 
there is a disk D;y in Ey around 7(0) with closure disjoint to the closure of 
any Di and to the boundary of Ey, or 7 is the fibre of a point in {pi, ...,Ps} 
by the projection to Ey. In the later case we define the disk D-y to be the 
equal to Dj, for 7(0) = pj. The same holds for 7'. The closures of the two 
disks and D^' are disjoint and disjoint to the boundary of Ey. 

Denote by T> an open region of Ey difFeomorphic to a disk such that the closure 
of the disks and D^/ are contained in V and the closure of T> is disjoint to the 
boundary of Ey and to the closures of the disks Di different from D;y and D^' . 

The construction of the homeomorphism is achieved in the following lemma. 

Lemma 25. There exists a diffeomorphism 

rj-.X^X 

such that 

(i) it leaves E invariant, 

(ii) the restriction of ri to X \{V x D) is the identity, 
(Hi) the restrictions 

771 : X D — >■ D-y/ X D 
r]2 : Dxf, X D ^ Dxf X D 
are biholorn,orphisms such that we have the equalities rjo^ = 7' and 7707' = 7. 

Proof. The diffeomorphism can be constructed as follows: define first a biholomor- 
phism 

^ : Dj' 

taking 7(0) to 7'(0). Now define 

7]' : D^ X D -i' D^ X D 

by r]'{x, y) := {£,{x), y). The composition r]'o^ is a re-parametrisation of 7': in fact 
there exists a biholomorphic mapping Q such that we have {id, C)°?7'°7 = l' ■ Let 
^ -.V ^ T> he any diffeomorphism whose restrictions to D^ and D^' coincides with 
^ and respectively, and which is the identity in a neighborhood of the boundary 
of v. Consider a family of diffeomorphisms '^x of D parametrised over V such that 

• if a; e D;^ then coincides with ^, 

• if .T G D^/i then '^^ coincides with C,~^ , 

• if a; belongs to a certain neighborhood of the boundary of V then "^l^ is the 
identity. 
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We define 

if (x, y) G T> X D, and 77(p) = p ii p is outside VxD. □ 

The Lemma defines the homeomorphism at the level of the resolution. Since it 
leaves E invariant it may be push down to a self-homeomorphism of 

u:iX,0)-^{X,0). 

PART II. 

In this part we define a new holomorphic structure in {Z, Q) which makes the 
composition 

i/oTT : (Z, Q) ^ (X, O) 
an analytic morphism. Since in the process we need to deal often with the same 
topological space with different complex structures we will denote an analytic set by 
a pair {Y, B), where Y denotes the underlying topological space and B the complex 
structure. 

The original complex structure of the surface germ [Z, Q) is denoted by Vi. 

Lemma 26. There exists a unique complex structure I?2 in the germ of topological 
space {Z,Q) such that 

voi,:{Z,Q,V2)^{X,0) 
is a finite analytic morphism 

Proof. The new complex structure is constructed first at the level of the resolution 
of {Z, Q) and pushed down later. The finiteness of z/o?/; is a topological property 
and holds because is finite. 
Step 1. The mapping 

(23) TyoV^' : Z' ^ X 

is a topological branched covering, which is a local diffeomorphism outside ri{A), 
but it is not holomorphic. We are going to change the analytic structure in Z' so 
the mapping rjoip' becomes holomorphic. We endow Z'\{'ip')^^{A) with the unique 
complex structure making the restriction '']°''P'\z'\{4)')-^{A) holomorphic. This re- 
striction becomes automatically a finite and etale analytic morphism with the new 
complex structure. Notice that by construction of rj the branch locus r]{A) of rjoijj' 
is an analytic subset. Thus, by a Theorem of Grauert and Remmert [3, there ex- 
ists a unique normal complex analytic set Z" containing Z' \ {ip')~^{A) for which 
^°V''U'\(^')-i(A) extends to a finite analytic mapping 

(24) i^" : Z" ^ X 

Since a branched covering is determined as a topological space by its restriction 
over the complement of the branching locus we have that Z' and Z" coincide as 
topological spaces and that -0" equals rjoil)' . Let Ai denote the original complex 
structure of Z' and A2 denote the complex structure of Z" . We will denote Z' by 
{Z',Ai) and Z" by (Z',^2). 

Step 2. The singularities of {Z',Ai) are over the singular points of the dis- 
criminant. Since these points are mapped by ip' to points where the mapping 77 is 
biholomorphic, the singularities of (Z',^2) are analytically equivalent to those of 
{Z',Ai). Let 

Pmin • 

(Z„„„,ei) ^ {Z',Ai) 
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be the minimal resolution of singularities (we denote by Bi the complex structure 
of Zrain)- If wc chaugc the analytic structure A\ by Ai then the mapping pmin 
is holomorphic over neighborhoods of the singularities of {Z',A2), and is a non- 
necessarily holomorphic diffeomorphism outside these neighborhoods. Thus there 
is a unique complex structure B2 in Zjjiiji making 

Pmin ' 

holomorphic. 

Step 3. Let Ci denote the complex structure of the resolution Z of {Z',Ai). 
The mapping 

p' :{Z,Ci)^{Z',Ai) 

can be factored into pmin°p"' , where p'" : Z — > Zmin is a chain of blow ups at 
points. We claim that there is a unique complex structure C2 on Z which makes 

p'" : {Z,C2) iZmin,B2) 

analytic. Indeed, as p'" is a composition of blowing ups at points, by induction, 
it is sufficient to consider the case in which p'" is a single blow up at a point p. 
The topological space obtained by blowing up a surface at a smooth point does not 
depend on the complex structure of the surface. Thus, the complex structure on 
the blow up of {Zmin,B2) at p is the required complex structure at Z. 
Step 4. The mapping 

p' ■.{Z,C2)^{Z',A2) 

is analytic for being a composition of analytic mappings. 
By Stein factorisation the composition 

TTor]o^'op' : {Z,C2) ^ {X,0) 

factors into (jioa where 

(^2,Q2)^(X,0) 
is a finite analytic mapping of normal surface singularities, and 

a: (Z,C2)^(^2,Q2) 

is a resolution of singularities. From the topological viewpoint the mapping a 
consists in collapsing the exceptional divisor F to a point. Hence, the singularity 
{Z2tQ2) is topologically equivalent to (Z, Q): the germ (^2,(52) may be viewed 
as the germ of topological space {Z, Q) with a different analytic structure, and 
the mapping a coincides with p. By construction the mapping </> is equal to the 
composition vo'^. This ends the proof of the Lemma. □ 

Denote by Vi and V2 the analytic structures of {Z,Q) and (^2,Q2)- We de- 
note the germs {Z,Q) and {Z2,Q2) respectively by {Z,Q,'Di) and {Z,Q,T>2). The 
mapping a coincides then with 

(25) p:{Z,C2)^{Z,Q,V2). 
Part III. 

Lemma 27. The finite analytic morphism 

voi,:{Z,Q,V2)^{X,0) 
realises an adjacency from to 7' and avoids A^^ i/V' avoids A^^- 
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Proof. The resolution p defined in (|25p resolves the indeterminacy of Tr^^oiyo^p^ 
since, by construction, this rational map coincides with the morphism rjoijj = 
■qoip'op' . The exceptional divisor of p is and, since t] leaves each irreducible 
component of E invariant, we have that rjoip^Fo) is a subset of Eu- 
Let 

ip:{C,0)^{Z,Ci) 

be the arc predicted in Definition [T8l Since ijj'op'oip has image in an open set in 
which r] is biholomorphic, the arc ip is also holomorphic with respect to the complex 
structure of €2- By construction we have the equality uo^jopoLp = 7'. Let 

pi : (Z,Ci) ^ {W,£i) 

be the sequence of contractions of (— l)-curves predicted in Definition [TSl The same 
sequence of contractions in {Z,C2) gives rise to a unique new complex structure £2 
in W , which makes 

pi : (Z,C2) -> {W,E2) 
holomorphic. By construction pi does not collapse i^O: the arc pioip sends the special 
point into a point Q' of Fo in which Fq has a smooth branch L and moreover pioip 
is transverse to L at Q' . Thus the covering voij; realises an adjacency from i?„ to 
7' (see Definition [T5|) ■ 

Let us prove now that ip avoids A^^ if and only if voij; also avoids it. Let 
p = p2°Pi be the factorisation of p predicted in Definition [TSl The situation of Def- 
inition [18] in the complex analytic setting (Definition [20t makes clear the existence 
of a small neighborhood fl of Q' in W such that the only point of indetermination 
of the meromorphic map ^p := 7r~^o?/;op2 in fl is Q' . 

Claim: we have that tp avoids A^^ if and only if fl can be taken small enough so 
that for any Q" e r2\ {Q} there exists a germ {D, Q") of smooth real 2-dimensional 
subvariety of W which is transverse to the smooth branch L at Q' and such that 
the restriction of 

^■.{D,Q")^X 
is transverse to Eu at Q" in the smooth category. 

The claim implies that avoiding A only depends of the restriction of the lifting 
Ip to an open subset ^l' gW containing an small punctured neighborhood of Q' in 
L. Since 77 is a diffeomorphism the lifting vo^jj corresponding to voip satisfies the 
trans verseity condition of the claim if and only if ip satisfies it. Thus, if the claim 
is true we have that ■0 avoids A^;^^ if and only if voip does, and the proof of the 
lemma is complete. 

Let us prove the claim. Consider (C^,0) with local coordinates (s,i). There is 
a local analytic diffeomorphism 

(26) P:{C\0)^{W,Q') 

such that /3(s,0) parametrises {L,Q') and (3{0,t) equals pioip[t). 

If Ip avoids Ag^ , by Definition [50) (that is Definition [TH| in the complex analytic 
setting) , it is possible to chose /3 in such a way that for any sq 7^ and small enough 
the arc tpop2°P{sQ,t) has a transverse lifting to Since the lifting is equal to 
tpop(so,t) we have proved the "only if" part. 

If there is a 2-dimensional germ {D, Q") of smooth subvariety of W which is 
transverse to the smooth branch L at Q' and such that the restriction of 

'^■.{D,Q")^X 
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is transverse to Eu at Q" in the smooth category then an easy manipulation with 
tangent spaces and tangent maps shows the transverseity to Eu of the restriction of 
■0 to any other 2-dimensional germ of smooth subvariety of W which is transverse 
to the smooth branch L at Q" . This easily implies that for any holomorphic arc 

e : (CO) ^ {W,Q") 

transverse to L the lifting to X of tpop2o9 is transverse to This shows the "if" 
part. □ 

The last Lemma completes the proof of Proposition [231 D 

The same technique leads to the following: 

Proposition 28. Let k : Gi G2 be an isomorphism between the weighted graphs 
of the minimal good resolution of two surface singularities {Xi, O) and {X2, O). Let 
Eu and Ey be two exceptional divisors of the minimal good resolution of {X, O) . Lf 
there is a finite analytic mapping realising an adjacency from E^ to Ey ( avoiding 
Ae^J then there is a finite analytic mapping realising an adjacency from E^i^^-^ to 
(avoiding Ae^^^^) ■ 

Proof. Let 7 be a convergent C-arc in N^^ such that there exists a finite analytic 
mapping 

^■.{Z,Q)^{Xi,0) 

realising an adjacency from Eu to 7. Let 7' be any convergent C-arc in iV_E^(„) • Let 

TT, : X, ^ {X^,0) 

be the minimal good resolutions of for i = 1, 2. Let 

p:Z^{Z,Q) 

be the resolution of singularities predicted in Definition [THl and i/j : Z ^ Xi the 
lifting of ip. By Stein factorisation -0 factors into ip'op' , where 

0' : ^ Xi 

is a finite mapping (that is, a branched covering) with Z' a normal surface. 

Let A' be the union of the irreducible components of the branching locus of ip' 
not contained in the exceptional divisor of tti . Let 7 and 7' be liftings of 7 and 7' 
to Xi and X2- 

Since Xi and X2 are diffeomorphic to the plumbing 4-manifolds of the dual graph 
of the resolutions, which are isomorphic by the isomorphism k, possibly having to 
shrink them to a smaller tubular neighborhood of the exceptional divisor of iTi we 
may assume: 

(1) For i = 1,2 there are neighborhoods Ul, of each singular point of the 
exceptional divisor in X which, if i = 1, contain all the components of A' 
which meet the corresponding singular point. 

(2) For i = 1, 2 the difference Xi \ UjLiUj splits in one connected component 
Xi[v] for each irreducible component El of 7r~^(0). In addition, for any v 
we have that El := El\ U^^^t/j is the deletion of several discs in El, and 
we have a smooth product structure X^[v] = El x D, where Z? is a disk. 
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(3) Consider the set {p\, ■■■,pl} of meeting points of A' with ^(O) which are 
not singularities of tt^^{0). Given any point p} contained in a divisor E^, 
there exists a disk Dj around pj in such that all the components of A' 
meeting pj are contained in Dj x D, and any component of A' meeting 
Dl X D meet 7rf ^(O) at pj. In addition the closure of the discs Dl,...,Dl 
are two-by-two disjoint and do not meet the boundary of Ej. 

(4) Given any component Ej^ of 7rj~^(0) let {pj^^^, be the subset 
formed by the points in {pJ, ■■■,pl} belonging to Ej^. Choose points 

{Pi{i)i ■■•'-Pi(;„))} 

in E^{u) and discs D'^^^y...,Dj^^ ^ with pairwise diferent closure not meeting 
the boundary of E^(^_^y 

(5) The images of 7 and 7' are fibre disks in [v] and ^^[^(ti)] by the projec- 
tion to Ej and respectively. Either there is a disk D^j in Ej around 
7(0) with closure disjoint to the closure of any Dj and to the boundary of 
i?^, or 7 is the fibre of a point in {pJ, ■.■,pl} by the projection to Ej. In 
the later case we define the disk to be the equal to Z)], for 7(0) — p], 
we chose pj to be equal to 7'(0), and define the disc to be equal to _D|. 
Otherwise we define Z?? to be a disc in E'^{v) centered at 7'(0) and with 
with closure disjoint to the closure of the 's and disjoint to the boundary 

Choose biholomorphisms from Ul to Uf for any i, from Dj x D to D'j x D, and 
from I^i X D to D?^, x D such that, using the methods of the proof of Lemma [25] 
we may extend to a diffeomorphism 

T]-. Xi X2 

with the following properties: 

(i) We have vK'm = n^\0), viEu) - and r;(^„) = E^^^y 

(ii) the restriction of 77 to a neighborhood of A' U Sing{Tr^^{Oj) U 7(C, 0) is bi- 
holomorphic. 

(iii) we have 7707 = 7'. 

As (by properties (i) and (ii)), the branching locus of rjoip is an analytic subset of 
X2, as in the proof of Lemma [26l we can change the complex structure in Z' so that 
the mapping rjoip' becomes holomorphic. The construction of the branched cover 
realising an adjacency from to 7' follows now word by word the analogous 

constructions in the proofs of Lemmata [551 and The fact that if the original 
finite analytic mapping avoids A^;^ then the constructed one avoids A^^^^ ^ also 
follows like the analogous statement in Lemma [571 O 

7. On Nash and wedge problems 

The following theorem contains Theorem A stated at the introduction. 

Theorem 29. Let {X,0) be a normal surface singularity defined over a uncount- 
able algebraically closed fields of characteristic 0. Let E^ be an essential irreducible 
component of the exceptional divisor of a resolution. Equivalent are: 
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(1) The set Ne^ is in the Zariski closure of Ne^ , with Eu another component 
of the exceptional divisor. 

(2) Given any proper closed subset Z C N e^ there exists an algebraic W-wedge 
realising an adjacency from to Ey and avoiding Z. 

(3) There exists a formal ^-wedge realising an adjacency from E^ to E^. 

(4) Given any proper closed subset Z C Ne^ there exists a finite morphism 
realising an adjacency from Eu to Ey and avoiding Z. 

If the base field is C the following further conditions are equivalent to those above: 

(a) Given any convergent arc 7 G Ne^ there exists a convergent C-wedge realising 

an adjacency from E^ to 7 and avoiding A.e^ ( that is, with generic arc tranverse 

to Eu at an smooth point of E). 
(h) Given any convergent arc 7 G Ne^ there exists a convergent C-wedge realising 

an adjacency from Eu to 7. 
(c) Given any convergent arc 7 e Ne^ there exists a finite morphism realising an 

adjacency from Eu to 7 and avoiding A e^ ■ 

A component Ey is in the image of the Nash map if and only if Ne^, is not in the 
Zariski closure of Ne^ for a different irreducible component Eu of the exceptional 
divisor. The negation of the statements of the previous theorem characterises the 
image of the Nash map in terms of wedges defined over the base field, and in 
particular gives Corollary B stated at the introduction. 

Proof of Theorem\2^ By Proposition 3.8 of [29 the set N e^ is generically stable, 
and hence, if Ne^ is in the Zariski closure of Ne^^ then, given any proper closed sub- 
set of iV^;^, by Lemma [S] there exists a ii'- wedge whose special arc is the generic 
point of Ne^, and whose general arc belongs to Ne^ \ Z. Thus, by Proposition [Til 
there exists a formal IK-wedge realising an adjacency from Eu to Ey and avoiding 
Z. By Proposition llGl we find an algebraic K-wedge with the same properties. Thus 
(1) implies (2). 

Obviously (2) implies (3). By Proposition [21] we have that (2) implies (4) and 
that (4) implies (3). Proposition [TBI together with Proposition W\\ shows that (3) 
implies (4). To prove the first set of equivalences we only need to show that (4) 
implies (1). 

Let 

(27) ^:(Z,Q)^(X,0) 

be a finite morphism realising an adjacency from Eu to Ey. In order to finish 
the proof we have to show that Ne^ is in the Zariski closure of Ne^ ■ It is well 
known that any morphism of algebraic varieties over a field of characteristic is 
defined over a subfield Ki C IK which is a finitely generated extension of Q (just 
observe that there are only finitely many coefficients involved in the equations of 
the varieties and of the morphism). Explicitly this means that there is a finite 
morphism 

(28) ^' : {Z\Q') ^ {X' ,0') 

defined over Ki such that the morphism (|77|) is obtained by pull-back of (pS)) by 

(29) S'pec(K) 5pec(Ki). 

Let 7 be the algebraic K-arc such that realises an adjacency from Ey to 7. 
The algebraicity of 7 implies that there are polynomials Fi, F^ S ]K[i, xi, a;„] 
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such that we have the equahties 

F,;(t,X,07(t)) =0 

in K[[t]]. Let K2 be the finitely generated extension of Ki obtained adjoining the 

coefRcients of the polynomials Fi, ...,Fn. Let IK2 be the algebraic closure of K2. 

2 

For any i < N we define the algebraic curve Ci C by the equation 

F,{t,x)^Q. 

The formal arc {t, XiOj[t)) parametrises a smooth formal branch L of C; at (0,0). 
Thus, the polynomial Fi admits a factor Gi € ^2[[t, Xi]] whose linear part is of the 
form at + bxi with 6 7^ such that 

The last equation and the form of the linear part allows to reconstruct the coef- 
ficients of XiOj(t) and show that they belong to K2. We have proved that 7 is a 
IK2-arc. 

Since K2 is finitely generated over Q it admits an embedding in C, and also its 
algebraic closure K2. We redefine Ki to be equal to the algebraic closure K2. Let 

(30) n' -.X' ^ X' 

be the minimally good resolution of the singularity of X' at O' . Let 

E' U„K 

be a decomposition of the exceptional divisor in irreducible components. The res- 
olution TT : X ^ X and the divisor Eu are the respective pull-backs of tt' and E'^ 
by ((29)) . It is clear that the arc 7 belongs to Ne^, as K-arc if and only if it belongs 
to Ne' as Ki-arc. 

On the other hand, since Eu is the base change of E'^ under ([29l) it is cleat that 
Ne^ is the base change of Ne' under ([29|) . Thus Ne^ is in the Zariski closure of 
Ne^ if and only if Ne' is in the Zariski closure of Ne' ■ 

Since Ki is the algebraic closure of a finitely generated extension of Q, it admits 
an embedding into C which gives rise to a morphism 

(31) Spec{C) Spec{Ki). 
Let 

(32) ^" ■.{Z",Q")^iX",0") 
and 

(33) tt" : X" X" 
be the base change of ^ and ^ by Let 

E" :=UK' 

u 

be a decomposition of the exceptional divisor of tt" in irreducible components. As 
before Ne'; is in the Zariski closure of Ne" if and only if Ne', is in the Zariski 
closure of Ne[^ ■ 

The mapping p2p is a finite morphism defined over C defining an adjacency 
from E'u to the algebraic arc 7, which, viewed as a C-arc belongs to Ne'j- By 
Proposition [2T] (1) there exists a C-wedge realising an adjacency from E'^ to 7. 
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Hence, by Proposition [241 for any convergent C arc 7' in Ne'^' there exists a C- 
wedge realising an adjacency from Eu to 7'. 

A C- wedge realising an adjacency from Eu to 7' corresponds to a C-arc in Xoc, 
taking the generic point into Ne" and the special point 7'. Hence every convergent 
7' in Ne'j belongs to the Zariski-closure of Ne'^. As, by Artin's Approximation 
Theorem, any formal arc admits a convergent approximation coinciding with the 
original one up to any fixed order, the set of convergent C-arcs in Ne'j is Zariski 
dense in Ne'j- As Ne'^ is Zariski dense in Ne'j we have that Ne'^ is in the Zariski 
closure of Ne'^^ ■ 

Assume now that the base field is C. Proposition [24l shows that (2) imples (a), 
which clearly implies (b). Since the set of convergent transverse arcs theough Ey 
is dense in Ne^ we have that (b) imples (1). The conditions (c) and (d) are also 
equivalent by a similar reasoning replacing Proposition [23] by Proposition 1231 □ 

Theorem 30. Let n : Qi Q2 he an isomorphism between the weighted graphs 0/ 
the minimal good resolution of two normal surface singularities {Xi, O) and {X2, O) 
defined over uncountable algebraically closed fields Ki and IK2 . Let E^ and Ey be 
two exceptional divisors of the minimal good resolution of {Xi,0). 

(1) There is a finite analytic mapping realising an adjacency from E^ to Ey if 
and only if there is a finite analytic mapping realising an adjacency from 
Ek.(u} to . 

(2) There is a 'Ki-wedge realising an adjacency from E^ to Ey if and only if 
there is a 'K.2-wedge realising an adjacency from to Ej^^yy 

(3) The set Ne^ is in the Zariski closure of Ne^ if and only if the set -/V_b„(„) 
is in the Zariski closure of Ne^^^-^ ■ 

Proof. By Theorem [5^1 the three statements are equivalent. As in the proof of 
Theorem we reduce the first statement to the case in which Ki = K2 = C. Then 
the Theorem follows from Proposition [28l □ 

Definition 31. Let {X,0) be a normal surface singularity defined over an alge- 
braically closed field K. The arc-adjacency graph of {X, O) for a resolution is the 
directed graph whose vertices correspond in a bijective manner with the irreducible 
components of the exceptional divisor of the resolution of {X, O) and has an arrow 
from the vertex corresponding to E^ to the vertex corresponding to Ey if and only 
if Ne^, is in the Zariski closure of Ne^ ■ An arrow is called trivial if a sequence of 
contractions of rational curves with self- inter section —1 collapses Ey into E^ (in 
this case it is clear that Ne^ is in the Zariski closure of Ne^)- 

Remark 32. A set Ne^ is in the image of the Nash mapping if and only if its 
vertex in the adjacency graph only has incoming trivial arrows. The Nash mapping 
is bijective if and only if the adjacency graph contains only trivial arrows. 

The previous Theorem may be read as follows: 

Corollary 33. Let {X, O) be a normal surface singularity defined over an alge- 
braically closed field K of characteristic (without the uncountability hypothesis). 
The minimal resolution graph of {X, O) determines the adjacency graph of any res- 
olution. In the case of complex analytic singularities the topology of the abstract 
link determines the adjacency graph of any resolution. Hence the bijectivity of the 
Nash mapping is a topological property of the singularity. 
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Proof. The result is clear if K is uncountable. For the countable case it is enough to 
observe that the resolution and adjacency graphs are preserved by base change. □ 

7.1. The problem of lifting wedges. In the rest of the section we link our results 
with the problem of lifting wedges as studied in [15] , [29] , and [16] . Here we work 
over the complex numbers. We remind some terminology: 

A i^-wedge a lifts to X if the rational map 7r~^oa is a morphism. A K-wedge 
is centred at the generic point of if its special arc is the generic point of A'^^;- 
The resolution tt : X ^ X satisfies the property of lifting wedges centred at the 
generic point of A^^;^ if any such wedge lifts to X. By Theorem 5.1 of [15] this 
equivalent to the fact that Ey is in the image of the Nash map. 

In Proposition 2.9 of [16] a sufficient condition for a resolution to have the prop- 
erty of lifting wedges centred at the generic point of A^ is given in the following 
way: it is sufficient to check that any K-wedge whose special arc is transverse to Ei 
arc through a very dense collection of closed points of Ei lifts to X (a very dense 
set is a set which intersects any countable intersection of dense open subsets). We 
improve this result for normal complex surface singularities in the following Theo- 
rem by proving that it is sufficient that there exists a single, convergent transverse 
arc to Ey such that any C-wedge having it as special arc lifts. A use of Lefschetz 
Principle as above shows that the assumption that the base field is C is harmless. 

Corollary 34. Let (X, O) be a normal surface singularity defined over C. Let 

TT -.X X 

be a resolution of singularities and Ey any essential irreducible component of the 
exceptional divisor. Lf there exists a convergent arc 7 S Ne^ such that any K-wedge 
having 7 as special arc lifts to X , then any resolution of X has the property of 
lifting wedges centred at the generic point of N e^ ( or equivalently, the component 
Ey is in the image of the Nash map). 

Proof. By Theorem [29] the component Ey is in the image of the Nash map if and 
only if it does not exist any formal C-wedge realising an adjacency from i?„ to Ey^ 
for Ey a component of the exceptional divisor of tt different than Ey. If such a 
C-wedge exists, by Proposition [Ml there exists a C-wedge reahsing an adjacency 
from Ey to 7. Since such a wedge has 7 as special arc and does not lift to X we 
obtain a contradiction. □ 

8. Applications 

In what follows we establish a few relations between the resolution graph and 
the adjacency graph. As both graphs are combinatorial we can work over C in the 
proofs without loosing generality. 

We start with a result for graphs with symmetries: 

Proposition 35. // ip is an automorphism of a graph Q not fixing an essential 
vertex u then there is no adjacency from u to ip{u). 

Proof. Let {u = uq, u^-i} be the orbit of u by (we order it so that Ui+i = f{ui) 
with the indexes taken modulo d). Let 

TT : X (a:,o) 
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be a resolution of a normal surface singularity with graph Q. Let be the 
irreducible component of the exceptional divisor corresponding to the vertex m. 
As essentiality is a combinatorial property of the graph, since E^-^ is essential, each 
is essential. 

Suppose we have an adjacency from uq ~ u to ui — ip{u). This means that we 
have the inclusion 

By Theorem 1301 we have an adjacency from Ui to u^+i for any i taking the indexes 
modulo d, and, hence, we have the chain of inclusions 

Ne^^ ::)Ne^^ d ... ^Ne^„. 

We conclude the equality Ne^ ^ Ne^,-^- 

On the other hand, since and Ei are essential, and by Corollary 3.9 of [29], 
the sets Ne^^ and Ne^^ are Zariski open in the irreducible set Ne^^ = Ne^^ ■ Since 
Ne^^ and Ne^^ are disjoint we obtain a contradiction. □ 

As a curiosity we obtain an affirmative answer for Nash problem for very sym- 
metric graphs: 

Corollary 36. // the automorphism group of a graph Q acts transitively, then its 
adjacency graph contains only trivial arrows. In other words, Nash mapping is 
bijective for singularities having this kind of resolution graph. 

The following Theorem is related to results of C. Plenat (see [21], Proposition 3.1 
and Corollary 3.4). 

Corollary 37. The following statements hold: 

• Let Qi he a graph contained in a negative definite weighted graph Q2 . If the 
adjacency graph of Qi has an arrow from u to v then the adjacency graph 
of G2 has also an arrow from u to v. 

• Let Q2 he a graph ohtained from a negative definite weighted Gi hy decreas- 
ing the self-intersection weights of vertices (the graph Q2 is automatically 
negative definite). If the adjacency graph of Q2 has an arrow from u to v 
then the adjacency graph of Qi has also an arrow from u to v. 

Proof. Let {Xi, Oi) and {X2, O2) be normal surface singularities whose resolutions 

TTi : — > {Xi,Oi) 

have graphs Gi and G2 respectively. Taking a small neighborhood of the exceptional 
divisor the manifold Xi is obtained by plumbing according to the graph Gi of one 
bundle over with Euler class the weight of the vertex. Since the graph G2 contains 
Gi the smooth manifold X2 may be obtained from Xi by adding one bundle over 
for each vertex of G2 \ Gi and one plumbing identification for each vertex e of 
^2 \ Si . Therefore we have a smooth local diffeoniorphisni 

ip: Xi ^ X2. 

We choose a complex structure in Xi such that ip becomes holomorphic, and 
change the complex structure of {Xi , Oi ) accordingly. 
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By the hypothesis, Theorem [29] and Corohary [33l there is a C-wedge in Xi 
reahsing an adjacency from £'„ to E-u- By Proposition [16] there exists a convergent 
C-wedge 

a : (C^0) ^ Xi 
reahsing the same adjacency. Let 

a:W (C^0) 

be the chain of blow ups at points giving the minimal resolution of indeterminacy 
of TT^^oa, and 

a:W -^Xi 

the lifting of a. The mapping 

j3 7r2093oaoo--i : (C^ O) X2 

is a well defined analytic mapping and a C-wedge in X2 realising an adjacency from 
Eu to Ey. This proves (1). 

Now we deduce (2) from (1). Construct a graph Q3 as follows: for each vertex 

V of Q2 let be the difference of the self-intersection weight of the vertex v in 
Qi and the self- intersection weight of the vertex v in Qi. Add Uy rational vertices 
with self- intersection weight equal to —1 to C/2, attaching them to v. The graph 

is constructed after repeating the procedure for every vertex of Q2- The graph 
Qi is obtained from Q3 by deleting the vertices of ^3 \ ^2, together with their 
attaching edges, and increasing in one unit for each deleted vertex the weight of the 
vertex of Q2 to which it was attached (this is the combinatorial counterpart of the 
blow-down operation). Since the adjacency between components does not depend 
on the chosen resolution of singularities, and the second operation corresponds to 
collapsing (— l)-smooth rational curves, given u,v G Qi there is an arrow from u to 

V in the arc-adjacency graph of Qi if and only if there is an arrow from m to w in 
the arc-adjacency graph of Q3. As Q2 is a subgraph of (2) follows from (1). □ 

Our aim now is to improve the following result of M. Lejeune-Jalabert and A. 
Reguera [16]. 

Proposition 38 (M. Lejeune-Jalabert, A. Reguera). The following assertions hold: 

(1) If there is an arrow from a vertex u to a vertex v in the arc- adjacency graph 
of {X, O) then there is a path joining the vertices u and v in the minimal 
resolution graph such that all the vertices appearing in the path, with the 
possible exception ofu, correspond to rational irreducible components of the 
exceptional divisor. In particular, if E^ is not rational, it is in the image 
of the Nash map. 

(2) If the Nash mapping is hijective for all graphs containing only rational 
curves, then it is bijective in general. 

From now on we only work with singularities having resolutions such that all the 
irreducible components of the exceptional divisor are rational. 

Let ^ be a finite weighted graph with no edges starting and ending at the same 
point, and such that there not exist two different edges connecting the same pair 
of points. It is clear that any normal surface singularity has a resolution whose 
associated graph has these properties. 

The realisation Z{Q) of Q is the topological space constructed as follows: take a 
disjoint union of 3-dimensional balls of radius 1 indexed over the vertices of Q and 
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copies of the interval [0, 1] indexed over the edges of Q. For each edge of Q, identify 
the ends of the corresponding interval with points of the boundary of the balls 
corresponding to the vertices which are joined by the edge. Do the identifications 
such that no point in the boundary of a ball is the identification point of two 
different edges. It is clear that the topological type of Z{Q) only depends on Q. 
The realisation Z{Q) has the homotopy type of a wedge of circumferences. Given 
a map of graphs a : Gi ^ G2 mapping vertices to vertices and edges to edges and 
respecting the incidence of the edges, its realisation is a continuous map 



mapping the ball of a vertex v homeomorphically to the ball of the vertex a{v) and 
the interval of and edge e homeomorphically to the interval of the edge a(e'). The 
topological conjugation class of realisation of a mapping of graphs only depends on 
the mapping of graphs. 

A loop in C/ is a sequence of vertices and edges {vi, ei,V2, 62..., Vj., Cr} such that 
Vi is joined by ej to Vi^i for any i < r and Vr is joined to vq by e^.. Notice that 
a loop is determined by its set of edges {ci, ...,e,.}. A loop in G is simple if there 
are no vertices repeated in the sequence. The finiteness of G implies that there are 
finitely many simple loops l\,...,lk- Since there are no edges starting and ending 
at the same point each simple loop contains at least two vertices. For each simple 
loop U there is a simple closed curve I5i in Z{G) (in other words, an embedding of 
§^ into Z{G)) going, through the balls and intervals corresponding to the vertices 
and edges in the order prescribed by U. The free homotopy class of /?,; in Z{G) 
is determined by li, and the homology class of [j3i] e determines li. A 

trivial loop is a loop inducing the trivial element in the fundamental group. 

We say that a loop I = {ei, e^---, e^} contains a simple loop li := {/i, f2---, fs} if: 
(1) There is an increasing function 



is trivial (for the case i = s consider the indexes modulo s). 
(2) The loop {eoc(i), eQ,(r)} is not a sub-loop of a trivial sub-loop of I. 
Given any finite covering ip : Z' ^ ^{G) we associate a finite graph G{Z') to 
Z' as follows: a point of Z' is 1-dimensional if it has a neighborhood of topolog- 
ical dimension equal to 1. Take a vertex v' for each connected c;omponent Cy' of 
the complement in Z' of the set of 1-dimensional points (intuitively take a ver- 
tex for each "3-dimensional ball"). The component Cy' is mapped under <p to a 
3-dimensional ball corresponding to a vertex v. Give to v' the weight of v. Join 
two vertices with an edge if they are connected in Z' with an path homeomorphic 
to [0, 1] such that all the points in (0, 1) are 1-dimensional. It is clear that Z' is 
homeomorphic to the realisation Z{G{Z')), and that there is a map 



whose realisation is topologically conjugate to tp. A map of graphs is a finite 
covering if its realisation is a finite covering. 



t{a) : Z{G) ^ Z'{G) 



such that fi = 




(34) 



a : G{Z') ^ G 



Lemma 39. For any M e N there exists a finite covering ip : Z' ^ Z{G) such that 
any non-trivial loop in G{Z') has at least M vertices. 
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Proof. Let {h, Ik} be the simple loops of G- 

Consider any simple loop k = {vi, ei, Vr, e^} for i < k. Take M disjoint copies 
G^,---,G^ of G- Let = {v{,e{, ...,v^,el} the loop corresponding to k in G-' ■ In 
the disjoint union 

r 

we change the attaching points of the edges el for any j as follows: the edge 
joins now the vertices v-^ and v{'^^ if j < M and joins and u^. The new 
graph is connected and denoted by Gi Let 

cti -.Qi ^ Q 

be defined as a{Vj) := vj and Q!(eJ) = ej. The realisation 

: Z{Gi) ^ ^(a) 

is a covering of degree M. Let I := e'j^, u'., e',} be any loop in Gi- By 
construction, if its image under aj contains the simple loop U then it contains M 
copies of it. 

For any i the projection to the i-th factor 

pri : Z' := Z{Gi) ^z{G) ■■■ ^z(g) Z{Gk) 

of the fibre product of the coverings t{ai) is a covering. Define 

^ : Z' ^ Z{G) 

by (f := aiopn = ... = akopru- Let a and j3i be the mappings from G{Z') to G and 
whose respective realisations are and pr^ for any i < k. 
We claim that the finite covering 

a : G{Z') ^ g 

is the one we need. 

Indeed, let I := {wj, e'^, i;^, e'.} be any non-trivial loop in G{Z'). Its image 
Q!(Z) is a non-trivial loop in G, since a covering induces an injection of fundamental 
groups. Thus a{l) contains a simple loop li. As a{l) equals ai{[ii{l)) and /3j(i) is 
a non-trivial loop in Gi whose image under contains li, the loop a{l) contains 
M-copies of li, and hence the loop / has at least M- vertices. □ 

Proposition 40. Let G he a negative definite weighted graph with rational vertices. 
If there is an adjacency from a vertex u to a vertex v then there exists a negative- 
definite weighted graph G' with rational vertices and without loops, two vertices u' 
and v' , with an adjacency from the first to the second, and a mapping of graphs 
a : G' G such that a{u') = u and a{v') = v. In addition a can he factorised as 
a = (ioi where u is the inclusion of G' in a graph G" and P is a finite covering from 
G" to G. 

Proof. Let 

TT : X ^ (X, O) 

be a resolution of a complex analytic normal surface singularity with graph equal 
to G- Let 7r~^(0) = E = U^^i-B„ be a decomposition in irreducible components of 
the exceptional divisor. There is a neighborhood of O in X such that X admits a 
deformation retract 

r:X^E. 
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We choose X to be equal to this neighborhood. 

By Theorem [29] and Proposition [16] there exists a convergent C-wedge 

a : {C^,0)^X 

reahsing an adjacency from to Ey. Let 

a:W ^C"^ 

be the composition of blow-ups at points giving the minimal resolution of indeter- 
minacy of TT^^oa. Let 

a-.w X 

be the lifting of a. Let K be the number of irreducible components of the excep- 
tional divisor F oi a. 

By Lemma [39] there exists a finite covering of graphs 

such that any loop in g" has at least K + 1-vertices. Now we will construct from 
it a finite morphism of singularities. 

We construct a topological space B as follows: take the disjoint union of a copy 
Bi of for each irreducible component of Ei of E, together with a homeomorphism 
gi : Bi ^ Ei. If two components Ei and Ej meet at at a common point x in E 
then add a copy of the interval [0, 1], and identify the point with g~^(x) and 1 
with gj^(x). The mapping 

c:E'~^E 

which contracts the copies of intervals to a point and whose restriction to Bi coin- 
cides with gi is a homotopy equivalence. Moreover the space B is naturally included 
in the realisation Z{g) (let E'^ be the boundary of the 3-ball corresponding to Ei), 
and the inclusion 

l:B^ z{g) 

induces an isomorphism of fundamental groups. Therefore we have an isomorphism 
of fundamental groups 

t*o(c,)"-^or, : TTi{X) TTi{Z{g)). 
The covering /3 induces an injection of fundamental groups 

: 7ri(Z(a")) ^ ^i{Z{g)). 

Let 

^■.X"^X 

be the finite covering corresponding to the subgroup (t*o(c,)~-^or,)~^(7ri(Z(^")). 
We give to X" the unique complex structure making (j) holomorphic. It is easy 
to check that X" is the plumbing manifold associated to the graph g" . As a 
consequence E" := (j)~^{E) is connected. 

By Stein Factorisation Theorem there exists a proper modification 

p:X"^ X" 

and a finite morphism 

(j):X"^ X, 

with X" normal such that (pop = nop. As {'Kop)~^{p) = E" is connected, there is 
a unique point O" mapped to O by </>. Therefore </> is a finite analytic mapping of 
normal surface singularities and the graph g" is negative definite. 
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Since W is simply connected there exists a lifting 

a" -.W -^X" 

which is holomorphic. Let E' be the image of F by a" . Since F has K irreducible 
components, the set E' is a connected union of at most K irreducible components. 
Let Q' be the subgraph of Q" corresponding to these components. Since each simple 
loops of Q" has at least K+1 vertices, the graph Q' has no loops. It is Q' is negative 
definite for being a subgraph of Q" . Thus, by Grauert's Contraction Theorem [6], 
there exists a birational morphism 

k:X'^ {X',0') 

which contracts E' giving rise to a normal surface singularity. The mapping 

Koa" : (C^0) ^ {X',0') 

defines a wedge. Let u' and v' be the vertices of G' such that the general arc of the 
wedge sends the special point into E'^, and the special arc rends the special point 
into E'^,. Then Koa" realises an adjacency from E[^, to E'^,. □ 

Let us finish giving a name to the class of graphs to which we have reduced Nash 
problem. 

Definition 41. A negative definite weighted graph is extremal if an only if it only 
has rational vertices, it has no loops, and if we increase the weight of any vertex the 
resulting graph is either not negative definite, or the number of trivial arrows in the 
adjacency graph increases. A Q-homology sphere is extremal if it is the boundary 
of the plumbing A-manifold of an extremal graph. 

Corollary 42. If the Nash mapping is bijective for all singularities with resolution 
graph is extremal then it is bijective in general. Equivalently, if the Nash mapping 
is bijective for all complex analytic normal surface singularities having extremal 
Q-homology sphere links then it is bijective in general. 

Proof. Proposition [38] reduces the the class of singularities having only rational 
exceptional divisors. Proposition |40] allows to reduce to the class of singularities 
whose exceptional divisor is a tree of rational curves: an easy combinatorial argu- 
ment shows that ii ip : Qi ^ Q2 is a, finite covering of graphs a vertex v & Qi can be 
collapsed after a finite sequence of — 1-vertices contractions if and only if and only 
if (p{v) can be collapsed in the same way. 

The reduction to the extremal case is made using Corollary [37l □ 
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